Let X be a Banach space whose characteristic of noncompact convexity is less than 1 and satisfies the non-strict Opial condition. Let C be a bounded closed convex subset of X, KC(X) the family of all compact convex subsets of X and T a nonexpansive mapping from C into KC(X) with bounded range. We prove that T has a fixed point. The non-strict Opial condition can be removed if, in addition, T is an 1-χ-contractive mapping.
Introduction
Let C be a bounded closed convex subset of a Banach space X and T : C → C a nonexpansive mapping. The problem of finding suitable geometrical conditions on X which assure the existence of a fixed point for T has been widely studied in the last 40 years (see, for instance, [7] ). In the case of multivalued nonexpansive mappings T : C → K(C) a very general problem is the following: Does T have a fixed point under the suitable conditions on X which assure the existence of fixed point for univalued mappings? The answer to this question is unknown, but some papers have appeared showing geometrical properties on X which let state fixed point results for multivalued mappings.
One of the most general fixed point theorems for multivalued nonexpansive self-mappings was obtained by W. A. Kirk and S. Massa in 1990 [9] , proving the existence of fixed points in Banach spaces for which the asymptotic center of a bounded sequence in a closed bounded convex subset is nonempty and compact. This occurs if X is, for instance, a uniformly convex space but it is known (see [10] ) that when X is nearly uniformly convex (see definition in Section 2) the asymptotic center of a bounded sequence can be a noncompact set. Due to this fact, in [5] the authors establish a generalization of the KirkMassa theorem to a class of Banach spaces where the asymptotic center of a sequence is not necessary a compact set. Specifically, they give a fixed point theorem for a multivalued nonexpansive and 1-χ-contractive compact convex valued mapping T : C → 2 C in the framework of a Banach space whose characteristic of noncompact convexity associated to the separation measure of noncompactness is less than 1. Also it is proved that the χ-contractiveness assumption can be removed when, in addition, the space satisfies the non-strict Opial condition.
In this paper we obtain similar results for non-self mappings T : C → 2 X satisfying a inwardness condition. In spite of the analogy between both problems, the arguments must be different. Indeed, in the case of a self-mapping, we can restrict to a separable setting. In this case a basic tool is the existence of a regular and asymptotically uniform subsequence of each bounded sequence.
However, in the non-separable setting we need to use ultranets and to state (Theorem 3.1) a relationship between the Chebyshev radius of the asymptotic center of nets and the modulus of noncompact convexity of a Banach space associated to the Kuratowski measure of noncompactness.
Preliminaries
Let X be a Banach space and C a nonempty closed subset of X. We denote by CB(C) the family of all nonempty closed bounded subsets of C and by K(C) (resp. KC(C)) the family of all nonempty compact (resp. compact convex) subsets of C.
On CB(X) we have the Hausdorff metric H given by
where for x ∈ X and E ⊂ X d(x, E) := inf{d(x, y) : y ∈ E} is the distance from the point x to the subset E.
A multivalued mapping T : C → CB(X) is said to be a contraction if there exists a constant k ∈ [0, 1) such that
and T is said to be nonexpansive if
Recall that the Kuratowski and Hausdorff measures of noncompactness of a nonempty bounded subset B of X are respectively defined as the numbers: 
Note that a multivalued mapping T : C → 2 X is said to be upper semicontin- It is not hard to see (see [1] and [4] ) that both definitions of continuity are equivalent if T x is compact for every x ∈ C. We say that x ∈ C is a fixed point of T if and only if x is contained in T x.
Recall that the inward set of C at x ∈ C is defined by
Clearly C ⊂ I C (x) and it is not hard to show that I C (x) is a convex set as C does.
Next theorems will be very useful in order to prove our results on fixed points for multivalued mappings.
Theorem 2.1 ([12],[13]) Let C be a closed convex subset of a Banach space
then F has a fixed point. 
Let us recall some geometric properties which are defined using the measures of noncompactness. 
(B X is the unit ball of X).
The characteristic of noncompact convexity of X associated with the measure of noncompactness φ is defined by
The following relationships among the different moduli are easy to obtain
and consequently
The space X is said to be nearly uniformly convex if φ (X) = 0.
Let C be a subset of a Banach space X, D be a directed set and {x α : α ∈ D} a bounded net in X. For any x ∈ C, define
The number r(C, {x α }) and the (possibly empty) set A(C, {x α }) are called, respectively, the asymptotic radius and the asymptotic center of {x α : α ∈ D} in C.
Obviously, the convexity of C implies that A(C, {x α }) is convex. Notice that A(C, {x α }) is a nonempty weakly compact set if C is weakly compact, or C is a closed convex subset of a reflexive Banach space.
Let S be a set and H ⊂ S. We shall say that a net {x α : α ∈ D} in S is
The following facts concerning ultranets can be found in [8] :
(a) Every net in a set has a subnet which is an ultranet.
(b) Let S 1 and S 2 be two sets and f :
(c) If S is a compact Hausdorff topological space and {x α : α ∈ D} is an ultranet in S, then the limit lim α x α exists. Let us begin this Section by proving a connection between the asymptotic center of an ultranet and ∆ X,α (·). We shall use the following result which can be proved by standard arguments.
Lemma 3.1 Let X be a Banach space and {x α : α ∈ D} a net weakly con- 
PROOF. Denote r = r(C, {x β }) and A = A(C, {x β }) which is a nonempty set. Since co({x β : β ∈ D}) ⊂ C is a weakly compact set, the ultranet {x β : β ∈ D} converges weakly to an element z ∈ C. Furthermore, for each x ∈ C, the limit lim β x β − x exists.
Let us first show that α({x β : β ∈ D}) ≥ r.
According to the definition of ultranet, {x β : β ∈ D} is either eventually in
In view of this, for every x ∈ B 1 we have
and thus α({x β : β ∈ D}) ≥ r.
In the second case, there exists
Since {x β : β ≥ β o } is an ultranet, this net is either in B 2 or eventually in ∪ n i=3 B i . In the first assumption, it is possible to repeat the above argument to obtain α({x β : β ∈ D}) ≥ r. Following this finite process we obtain the desired result.
It must be noted that this reasoning also allow us to prove that α({x γ : γ ≥ β}) ≥ r, for every β ∈ D.
Assume that x lies in A. Since lim β x β − x = r, given > 0 we can find
Thus, if we denote
From the definition of ∆ X,α (·) we deduce
Since the set A β is a weakly compact set, it must have inf
On the other hand, the net {y β : β ≥ β o } ⊂ A β o has a subnet weakly convergent to a point, say y, which clearly is a cluster point of A β for all β ≥ β o .
Thus, it follows from Lemma 3.1 that
Then the weakly lower semicontinuity of the norm implies
Since the last inequality is true for every , we have
This ends the proof because the last inequality holds for every x ∈ A(C, {x β }).
Remark 3.3
In Now we are ready to prove the main result of this paper.
Theorem 3.4 Let X be a Banach space such that α (X) < 1 and C be a closed bounded convex subset of X. If T : C → KC(X) is a nonexpansive and 1-χ-contractive mapping such that T (C) is a bounded set, and which satisfies
then T has a fixed point.
PROOF. Let x 0 ∈ C be fixed and consider for each n ≥ 1 the contraction
Bearing in mind that for each x ∈ C the set I C (x) is convex and contains C, it is easily seen that T n x ⊂ I C (x) for all x ∈ C. We can apply Theorem 2.1 to obtain a fixed point x n ∈ C of T n . Thus, we have a sequence {x n } in C such that lim n d(x n , T x n ) = 0. Let {n α } be an ultranet of the positive integers {n}.
We start by proving that
Indeed, the compactness of T x n α implies that for each n α , we can take y n α ∈ T x n α such that
Since T x is compact, for each x ∈ A, we can find z n α ∈ T x such that
If r = r(C, {x n α }), on the one hand we have
and on the other hand, since z ∈ T x ⊂ I C (x) there exists λ ≥ 0 such that
If λ ≤ 1 it is clear that z ∈ C and hence, from the above inequality, z ∈ A ⊂ I A (x). So assume λ > 1 and write
Therefore we have
Hence v ∈ A and thus z ∈ I A (x).
In this way, the mapping T : A → KC(X) is nonexpansive, 1-χ-contractive and satisfies
Moreover, we can apply Theorem 3.2 to obtain
where
Now fix x 1 ∈ A and for each number µ ∈ (0, 1] consider the contraction
It is easily seen that T µ is χ-condensing (see [5] ). Furthermore, since I A (x) is convex we also obtain
Hence by Theorem 2.2, T µ has a fixed point. Consequently, we can get a sequence {x
We proceed as before to obtain that Taking upper limit as n → ∞
Since λ < 1, we conclude that there exists x ∈ C such that x m converges to
x. Let us see that x is a fixed point of T . For each m ≥ 1,
Taking upper limit as n → ∞ Simple examples show that we can not avoid nonexpansiveness assumption in the above theorem (see [5] 
Regarding the proof of Theorem 3.4 it is worthwhile to note that ultranets are needed due to the fact that the range of T is not assumed to be contained in its domain and hence we cannot restrict to the case of a separable set C (see [7] and [14] ). However, if we assume that C is separable and recall the first step of the induction method as applied in Theorem 3.4, then we can take a sequence of approximate fixed points of T in C such that it is regular and asymptotically uniform with respect to C (see [6] and [11] ). A sequence is said to be asymptotically uniform with respect to C if each of its subsequences has the same asymptotic center in C. Under this situation it is enough to consider a subsequence {x n } of the above-mentioned sequence such that is a bounded set which satisfies
